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WEAKLY COMPLETE COMPLEX SURFACES 


SAMUELE MONGODL, ZBIGNIEW SLODKOWSKP, 
AND GIUSEPPE TOMASSINP 


Abstract. A weakly complete space is a complex space admit¬ 
ting a (smooth) plurisubharmonic exhaustion function. In this pa¬ 
per, we classify those weakly complete complex surfaces for which 
such exhaustion function can be chosen real analytic: they can be 
modifications of Stein spaces or proper over a non compact (possi¬ 
bly singular) complex curve or foliated with real analytic Levi-flat 
hypersurfaces which in turn are foliated by dense complex leaves 
(these we call surfaces of Grauert type). In the last case, we also 
show that such Levi-flat hypersurfaces are in fact level sets of a 
global proper pluriharmonic function, up to passing to a holomor- 
phic double cover of the space. 

An example of Brunella shows that not every weakly complete 
surface can be endowed with a real analytic plurisubharmonic ex¬ 
haustion function. 

Our method of proof is based on the careful analysis of the level 
sets of the given exhaustion function and their intersections with 
the minimal singular set, i.e the set where every plurisubharmonic 
exhaustion function has a degenerate Levi form. 
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1. Introduction 

A weakly complete complex space is a connected complex space X en¬ 
dowed with a smooth plurisubharmonic exhaustion function ip. 

Weakly complete subdomains of Stein spaces are Stein; complex 
spaces which are proper over (i.e. endowed with a proper surjec¬ 
tive holomorphic map onto) a Stein space, e.g. modihcations of Stein 
spaces, are weakly complete. 

More interesting examples of weakly complete complex spaces which 
are not Stein are the pseudoconvex subdomains of a complex torus 
constructed by Grauert (cfr. [T7]L 

Let us briefly compare these two classes of examples. In the former, 
0{X) 7^ C and, if there is a positive dimensional complex space con¬ 
tained in a level set of p, then it is a compact subspace of X. Such 
compact subspaces are responsible for the degeneration of the Levi 
form of p (or of any other plurisubharmonic function). In the latter, 
0{X) = C and there exists a smooth plurisubharmonic exhaustion 
function p whose regular level sets are Levi-flat hypersurfaces, foliated 
by dense complex leaves (along which the Levi form of p degenerates). 
In such a situation X is said to be a surface of Grauert type. 

A question naturally arises: are these two phenomena the only pos¬ 
sible for a weakly complete space? 

Even if this problem has never been explicitly addressed, we hnd 
some partial results throughout the literature about the various forms 
of the Levi problem. For instance, in [19], Ohsawa shows (Proposi¬ 
tion 1.4) that a weakly complete surface (i.e. 2-dimensional complex 
manifold) with a non-constant holomorphic function is holomorphically 
convex, hence proper on a Stein space, by Remmert’s theorem. Later 
on, Diederich and Ohsawa tackle a weak form of the Levi problem for 
a domain with real analytic boundary (cfr. [S]). More recently, in [9] 
Gilligan, Miebach and Oeljeklaus study the case of a pseudoconvex do¬ 
main of any dimension, spread over a complex homogeneous manifold. 

The general problem is already hard for complex surfaces thus, before 
studying in complete detail the general weakly complete surface X, it 
seems worthwile to analyse the special case of surfaces admitting a real 
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analytic plurisubharmonic exhaustion function. In this vein Brunella 
(cfr.[3]) constructed an example of weakly complete surface which does 
not admit a real analytic plurisubharmonic exhaustion function. In 
order to do so, he studied the possible geometries of some special 
weakly complete surfaces, namely, those obtained as the complement 
of a curve with topologically trivial normal bundle in a compact (al¬ 
gebraic) surface not containing any (—2)-curve (i.e. smooth, rational, 
with self-intersection —2). He showed that, in presence of a real ana¬ 
lytic plurisubharmonic exhaustion function, these particular instances 
of weakly complete surfaces are either Stein, proper over a Stein space, 
or of Grauert type. 

In this paper, we prove that this classification holds in general. 
Namely, we obtain the following 

Structure Theorem. Let X be a weakly complete complex surface, 
with a real analytic plurisubharmonic exhaustion function a. Then one 
of the following three cases occurs: 

i) X is a modification of a Stein space of dimension 2, 

ii) X is proper over a (possibly singular) open complex curve, 

iii) X is a Grauert type surface. 

Moreover, in case iii), either the critical set Crt(a) of a has dimension 
< 2 and then 

iii-a) the absolute minimum set Z of a is a compact complex curve 
Z <Z X and there exists a proper pluriharmonic function x '■ 
X \Z —)■ M such that every plurisubharmonic function on X\Z 
is of the form Xo x, 
or it is of has dimension 3 and then 
iii-b) there exist a double holomorphic covering map tt : X* —)• X and 
a proper pluriharmonic function x* • X* ® such that every 
plurisubharmonic function on X* is of the form X o x* ■ 

The hrst part of the Structure Theorem is the content of Theorem 14.41 
the second one of the theorems 15.11 and 16.11 

The method we adopted to tackle the problem consists of a careful 
analysis of the structure of the level sets of a and their behaviour 
with respect to the minimal singular set. This set was introduced in 
[25] for any weakly complete complex space; let us recall its definition. 
Given any plurisubharmonic exhaustion function ip m X, let be the 
minimal closed set such that ip is strictly plurisubharmonic on X \ 
and set E^ = E^(X) = f) i-®- a; G E^ if no plurisubharmonic 

exhaustion function is strictly plurisubharmonic near x. 
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A plurisubharmonic exhaustion function ip is called minimal if S 


1 


The following crucial properties were proved in [25] when X is a 
complex manifold: 


a) there exist minimal functions ip (cfr. [25l Lemma 3.1]); 

b) if ip is minimal the nonempty level sets S], = {(p = c} fl have 
the local maximum property (cfr. [221 Theorem 3.6]); 

c) if dimj,X = 2 and c is a regular value of ip, then the (nonempty) 
level sets S). are compact sets foliated by Riemann surfaces (cfr. 
[221 Lemma 4.1]). 

If we restrict ourselves to the real analytic category, while property a) 
still holds, the proofs for b) and c) given in [25] do not apply anymore. 
However, if X is a weakly complete complex surface, it is possible to 
show that b) and c) hold for any plurisubharmonic exhaustion function 
and not just for the minimal ones (see Theorem fl3.2p L 

Thus we are able to link to the Levi-flatness of the levels of 
a, obtaining the hrst half of the Structure Theorem, by studying the 
complex foliation induced by the degeneracy of the Levi form. 

Then, we proceed to construct, for Grauert type surfaces, a proper 
pluriharmonic function. 

The paper consists of six sections and an appendix. 

In Section 2, we present some relevant examples of the more “exotic” 
of the three cases, the Grauert type surfaces. Section 3 is devoted to 
the study of the regular level sets of a which intersect We show 
that they are Levi-flat, provided that they do not contain any compact 
complex curve, and that the Levi foliation has dense leaves. 

The effects of the presence of compact curves is analyzed in Section 
4, where, using in a crucial way a theorem of Nishino [TH IIL5.B], we 
prove the Theorem 14.41 i.e. the hrst part of the Structure Theorem, 
giving the classihcation of weakly complete surfaces into cases i), ii) 
and iii). 

The proof of parts iii-a), iii-b) of the Structure Theorem is given in 
Sections 5,6 where we are dealing with Grauert type surfaces. Our 
goal is to construct a proper pluriharmonic function in the Struc¬ 
ture Theorem. This is done analyzing the cases dimRGrt(a) < 2 and 
dimRGrt(a) = 3 separately (see Theorem fl5.1l) and Theorem 16.1|) . 

The Appendix collects results of various nature which we believe 
either known or easy to proof, but for which we were not able to hnd 
appropriate references. 


We would like to thank Tadeusz Mostowski for directing us to the 
Sullivan’s paper. 






WEAKLY COMPLETE COMPLEX SURFACES 


5 


Acknoledgements. The first author was supported by the ERC 
grant HEVO - Holomorphic Evolution Equations n. 277691. 

2. Examples 

Example 2.1. Let 01,02 € C with the following properties 
0 < |oi| < I 02 I <1, cb\^ O 2 

for all (/c, /) G \ {(0, 0)} and define r by |oi| = |o 2 |’^; by hypothesis 
r ^ Q. 

Consider on \ {(0)0)} fhe equivalence relation \ (^ 1 ,^ 2 ) 
(oi^i, 022 ^ 2 )- The quotient space \ {(0,0)}/ ~ is the Hopf mani¬ 
fold %. Let TT denote the projection \ {(0,0)} —)■ "H. The complex 
lines C 21 = {z 2 = 0}, = {zi = 0} project into complex compact 

curves Ci, C 2 respectively. Consider X = % \C 2 - The function 

^{zi,Z2) = 

cir 

on \ {(0, 0)} is ^-invariant and so dehnes a function 0 : X —)■ M{>o}; 
(j) is proper and log 0 is pluriharmonic on X \ Ci.The level sets of 0 
contained in X \ Ci are the projections of the sets \zi\ = c| 2 ; 2 r) c > 0, 
and so foliated by the projections of the sets Zi = ce^^zl which are 
everywhere dense leaves, r being irrational. Observe that Ci is the 
minimum set of (j). In particular, X is a weakly complete surface of 
Grauert type and falls into case iii-a. 

Example 2.2. With the notation of the previous example, we consider 
Xi = 77 \ (Cl U C 2 ) with plurisubharmonic exhaustion function a = 
(log(/))^. Xi is a weakly complete surface, obviously of Grauert type. 
Here, however, the plurisubharmonic function ai has a 3-dimensional 
minimum set, namely the quotient of the Levi-flat surface of (C*)^ 
given by 

^0 = {(^1,^2) £ (C*)^ : |z 2 r = ki|} • 

The pluriharmonic function on Xi is, obviously, log(0), i.e. a behtting 
choice of the square root of ai. Therefore, X falls into case iii-b. 

Example 2.3. Another class of example is provided by total spaces 
of some complex line bundles over compact Riemann surfaces (see also 

iza). 

Let M be a compact Riemann surface of genus g > 0. It is well 
known that every topologically trivial line bundle can be represented 
by a flat unimodular cocycle, i.e. an element of H^{M, S^). 

Gonsider a line bundle L ^ M with trivialization given by the open 
covering and transition functions which represent a 
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cocycle ^ G We can define a fnnction a : L —)■ M by 

defining it on each trivialization as aj : Uj x C, aj{x,w) = As 

= 1, these fnnctions glne into a : L —)• M, which is readily seen to 
be plnrisnbharmonic and exhanstive. 

Now, consider r > 0 and the section fi G r(17i,^) given by f{x) = r 
for all X G Ui, taking all possible analytic continnations of /i as a 
section of the bnndle L, we constrnct , for every chain with 

Jo = 1 and 7 ^ 0, the sections fk = ■ --^njor e 

. Representing ^ as a mnltiplicative homomorphism : 
7ri(M) —)■ S^, it is easy to see that the graphs of snch sections glne 
into a compact complex manifold if and only if 'ip{7ii{M)) is contained 
in the roots of nnity, i.e. if and only if L®” is (analytically) trivial for 
some n. 

If that is not the case, the graphs of snch sections glne into an imbed¬ 
ded, non closed, complex manifold, contained in the Levi-flat hyper- 
snrface and dense in it. The other leaves of the Levi foliation 

are obtained by the one constrncted mnltiplying it by e*®. 

Finally, we have a plnriharmonic fnnction y : L \ M —)■ M given by 
X{p) = loga(p). 

Therefore, if ^ is not nnipotent, its total space gives an example 
of Granert type snrface for the case iii-a. As with the Hopf snrface 
example, it is not hard to show that L \ M is a Granert type snrface 
and falls in case iii-b. 


3. Levels and defining functions 


3.1. Some preliminary remarks. From now on we snppose that X 
is a fixed complex snrface that admits a real analytic plnrisnbharmonic 
exhanstion fnnction a. 

Proposition 3.1. We can assume a to have the following properties 



( 1 ) 


Proof. It is enongh to replace a with {a — min o)^. 


□ 


Let ns fix some notations. Given a smooth fnnction / : IF —)■ M on 
a complex snrface W let ns denote Grt(/) the set of its critical points. 
If / is real anlytic Grt(a) is a real analytic set. 

As anticipated in Section [H property b) of minimal fnnctions extends 
to arbitrary smooth plnrisnbharmonic exhanstion fnnctions: 
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Theorem 3.2. Let be the minimal kernel of X and u : X ^ M. an 
arbitrary smooth plurisubharmonic exhaustion function. Then every 
non-empty 

Ei(c) = {u = c} n E' 

has the local maximum property. 

We first prove the following lemmas 

Lemma 3.3. Let Z be a complex manifold, Yi a closed subset with the 
local maximum property and Yq a closed subset ofYi. Assume that cf : 
W —)■ [—oo,+ cxd) is a plurisubharmonic function (f) in (a neighbourhood 
of) Yi such that cf = c on Yq and (f < c on Yi\Yq. Then Yq has the 
local maximum property. 

Proof. Should the local maximum property for Yq fail then, by 
Proposition 2.3] there are y &Yq a. coordinate ball B = B{y,r) and a 
strongly plurisubharmonic function u on B such that: u{y) = 0 and 
u{z) < —e\z — j/p, , if 2 ; G 5 n Yq \ {?/}• In particular, there exist 
a neighbourhood V of hB and a positive number e such that u(z) < 
—e\z — yQ\^ for z & BAYi HhB. Then for m ^ 0 the plurisubharmonic 
function v := u m{(j) — c) satishes v(y) = 0, v(z) < —ejz — y\^ for 
hB n Yi- Therefore, since Yi has the local maximum property, this 
inequality must hold on I? fl Yi, a contradiction for z = y. □ 

Lemma 3.4. If : X ^ M. is a smooth plurisubharmonic exhaustion 
function, 0 : X —)■ R a minimal function and c, d real numbers such 
that the set 


Yq = {a: G X : X G f){x) = c, 0(x) = d} 
is non-empty. Then Yq has the local maximum property. 


Proof. Assume that n : R^ —)• R is a smooth, strictly convex function 
such that for some numbers K, L the functions Vy are positive on 
the set 

[{x,y) e : X > K,y > L'^ 

and that min-^ > K, min^ > L. Let x(^) = v{^ijj{z), (l){z)), z & X. 
Then y is a minimal function. Indeed 


dd^y 


'^xy 


■ d0 ■ 

A 

d^f) 

_1 


dV’ 

d'^'ip 


+ VxdcYcj) + Vyd(Yi/j 


Then dd^y is strictly positive dehnite at all points where dd^0 is and 
so y is minimal. 
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If K, L are fixed numbers such that min-^ > K, min0 > L we can 
take v{x, y) = {x — L)^ + {y — K^. Fix such a v and let x = '^{'4’, 0)- 
Then x is minimal. Let now s = v{c,d). Then X|Yb ~ Consider 

Y, = {zeX:zeJ:\x{z) = s}. 

By [25l Lemma 3.1] Yi has the local maximum property. Take now a 
linear function / : —)• M which dehnes the tangent plane to v at the 
point (c, d, s) G It has the properties 

l{c, d) = s = v{c, d) 

l{x,y) < v{x,y) for {x,y) 7 ^ (c,d). 

Let r]{z) = l{4’{z), (j){z)), z E X. Then ?7 is a minimal function as well 
and r]\Yo = s. However, if 2 ; G Yi \ To, {4’{z),4’{z)) 7 ^ (c, d) and then 

V{z) = l{'<p{z),4){z)) < v{4){z),4){z)) = x{z). 

So, T] is a. plurisubharmonic function on Ti, m^r] = s while 

{z G Hi : viz) =s}= To. 

Now Lemma [3.31 implies that Yq is a local maximum set. □ 

Proof of Theorem \3.2i If 0 is a minimal function then if := m + 0 is also 
minimal. Let c, d be real constants. By Lemma 13.41 the following set 
{0 = c + d} n {0 = d} has the local maximum property if non-empty; 
since 

{m = c} n {0 = d} n = 

{0 = c -f d} n {0 = d} n 

it follows that {m = c} fl {0 = d} fl has the local maximum property 
if non-empty. 

But for hxed c 

{m = c} n {m = c} n {0 = d} n 

and so it has the local maximum property as union of sets with the 
local maximum property (since it is closed). □ 

In the sequel, the function a is assumed to satisfy the condition ([T]). 

3.2. Levi flat levels. Let kF be a complex surface. In the sequel by 
complex curve of W we mean a purely 1-dimensional immersed complex 
space C VF. We observe that a complex curve lying on a smooth 
hypersurface of IF must be regular (cfr. [25l Proposition 4.2]). If Y is 
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the zero set of a smooth function / : hh —)■ M or an analytic subset of 
W we denote Y^eg the regular part of V, i.e. 

l^eg = {zev : df(z) ^ 0} . 

If 7 ^ 0, according to [2^ Lemma 4.1], some levels of the minimal 
function (j) contain complex curves. We can expect that the same is true 
for the function a. The results of this subsection go in this direction. 

Proposition 3.5. Let X be a complex surface with a real analytic 
plurisubharmonic exhaustion function a : X —>■ R and Y a connected 
component of a level set {a = c} such that Y ^ 0. Then, for 
every point p G there exist an open neighbourhood U 0 X and 

coordinates z,w on U such that U = x and 

unYnE^^\J{{z,ft{z)) UeAJ 

t£T 

where each ft : ^ A^ is a holomorphic function. 

Proof. The proof repeats verbatim from [25l Lemma 4.1] once we ob¬ 
serve that, by Theorem 13.21 the set fl P has the local maximum 
property. □ 

Theorem 3.6. Let X be a complex surface with a real analytic plurisub¬ 
harmonic exhaustion function a : A —)• R and Y a connected compo¬ 
nent of a level set {a = c} such that Y D ^ 0. Assume that Y 

contains, at worst, isolated critical points of a and no compact complex 
curve. Then 

a) Yreg is a real analytic Levi fiat hypersurface. 

In general, ifY does not contain local minimum points of a and Y 0 
then 

da A da A dda = 0, dda A dda = 0 

on X and so 

b) = X, all non-critical level sets of a are compact Levi fiat 
hypersurfaces and the regular parts of the critical level sets have 
complex foliation. 

Proof. Since, by Theorem 13.21 Y (1 E^ ^ 0 has the local maximum 
property it cannot have isolated points hence Weg H E^ ^ 0. In view 
of Proposition 13.51 every point p of Weg H has a neighbourhood 1/ 
in which T fl can be expressed as a union of analytic discs: 

PnYnE^= IJ {(z,Mz)) UeA,} 

t&T{p) 
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where each /* : —)■ is a holomorphic function. Let us hrst sup¬ 

pose that there is a point p such that T{p) is inhnite for a fundamental 
system of neighborhoods of p, take U one of such neighborhoods and 
let 

unYnE^ D \J{{z,fniz)) I ze A4 

with fn : Az ^ Ayj a countable family of holomorphic functions with 
disjoint graphs. On every such graph we have that dda degenerates 
and, being those graphs integral curves for the kernel of such Levi form, 
we actually have that 

dda /\ da /\da = Q 

on each of those graphs. By analyticity, dda f\ da /\ da = Q on the 
whole of Lj-eg, thus giving a foliation of it in complex curves, hence Levi 
flatness. 

Suppose, at contrary, that for every point p G k^regO there is only 
a hnite number of those analytic disks composing Ij-eg O which pass 
through p; then it is not hard to see that, starting from one of such 
disks, by analytic continuation, we get a complex curve C embedded 
in kj-eg- The closure C of C in F is a compact complex curve: this 
is clear if C C Freg otherwise we apply Remmert-Stein theorem (cfr. 
m Chapter VII, Theorem 1]) the critical points in Y being isolated. 
Since by hypothesis Y has no compact complex curve the only possible 
case is the previous one. This shows part a). 

Assume now that Y G does not contain local minimum points 
of a. Then, by Theorem 13.21 Y has the local maximum property and 
so [25l Theorem 3.9] applies: there is an s < c such that, if K is the 
connected component of the set {s < a < c} containing V, then its 
topological boundary hK is contained in {a = s} UiL and furthermore 

O 

K is nonempty, the forms 

• {dda) Ada Ada 

• {dda) A da 

• {dda) A da 

• ddaAdda 

vanish on K \ Y. Now K \ Y has nonempty interior in X, and so 
dda A da A da = Q in X^ by real analyticity. This shows that = X. 
Levi flatness of the regular parts of levels follows from Proposition 

13.51 □ 

Lemma 3.7. Let Y be a (non necessarily compact) real analytic Levi 
flat hypersurface in a complex surface W. Assume that there is a real 
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analytic plurisubharmonic function /3 : V ^ M on an open neighbour¬ 
hood V ofY, such that {p ■. (5{p) = 0} = F and dfi{p) ^ 0 for all 
p eY. Then there is an open neighbourhood U of Y, U <Z V , and a 
pluriharmonic function x '■ U ^ ^ such that Y = {p E U : x{p) = 0} 
and dx{p) 7 ^ 0 for all p eY. 

Proof. It is well known that a real analytic Levi flat hypersurface M 
in a complex manifold admits a real analytic dehning function which 
is pluriharmonic in a neighborhood of M if and only its Levi foliation 
is dehned by a nonvanishing real analytic closed 1 -form (e.g cfr. 0 )- 
In our situation since Y is real analytic the foliation of Y extends 
holomorphically on a neighbourhood of Y (cfr. [21]): there is an atlas 
for a neighbourhood of Y in X, consisting of distinguished coordinate 
choits (Uj,Zj,Wj),p^ {,Zj{p),Wj{p)),p E Uj, {zj{p),Wj{p)) E VjXBj C 
C^, Vj, Bj connected, such that 


Y nUj = [p E Uj: lmwj{p) = O} . 


Denote further Uj = Rewj, Vj = Imwj. Then Uj,Vj : —)■ M are 
pluriharmonic functions and Uj (lY = {vj = 0}. By this setup and 
the assumptions of the Lemma {dfi 7 ^ 0 on F) there are real analytic 
functions pj: Uj ^ M such that: ft = VjPj in f/^, pj\u.f^Y ^ 


We draw now some consequences for pj from the plurisubharmonicity 
oi(3. 


By calculations on /9, pj in the local coordinates Zj, Wj = Uj -\- ivj, we 
obtain that at points {z, u, 0) E Uj r\Y the Levi form reduces to (we 
drop the index j to simplify the notation) 



Since it is positive semidehnite in Uj and the term dz A dz is missing, 
we must have 

p^{z,u, 0 ) = 0 = p2{z,u,0), 

{z, u, 0) E Uj r\Y and since Vj, j E I are assumed connected Pj{z, u, 0) 
is constant in We denote it by p*j{u) = pj{z, u, 0); pj : fl R —)■ M 

is a positive real analytic function. 

Since we have 
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we obtain eventually 

V ■= idPiu^nY = ^p*{uj{p))duj{p), 

for p G Uj nY. p is a nonvanisliing real analytic closed l-form which 
dehnes the Levi foliation of Y. This ends the proof of the lemma. □ 

We conclude this section by showing that, in absence of compact 
complex curves, the regular level sets of a intersecting are foliated 
by dense complex curves. 

Corollary 3.8. LetX be a complex surface with a real analytic plurisub- 
harmonic exhaustion function a : X —)• M and Y a connected compo¬ 
nent of the regular level set {a = c} such that Y (1 ^ 0. Assume 

that Y does not contain compact complex curves. Then Y is Levi flat, 
the leaves of the Levi foliation are dense in Y and Y 

Proof. Y is Levi flat in view of Theorem 13.61 so, by Lemma 13.71 there 
are a neighbourhood U of Y and a pluriharmonic function y : f/ ^ M 
such that {x = 0} = Y and dx f 0 on Y. The maximal complex 
subspace of TpY, for p E Y, is given by ker dy n kerd'^y; therefore, on 
the manifold Y, the foliation induced by Levi flatness is given by the 1- 
form d^x- Such a form is closed, because dd^y = 0 by pluriharmonicity, 
so every leaf of the foliation has trivial holonomy; hence, by a result of 
Sacksteder (cfr [U Notes to Chapter V, (2), p. 109]), the foliation has 
no exceptional minimal set then, as there are no compact (i.e. closed) 
leaves, all leaves are dense in Y (we refer to [1] , in particular to Chap¬ 
ter III, for the relevant dehnitions and results related to exceptional 
minimal sets of foliations). 

This easily implies the last part of the statement: let if be any 
plurisubharmonic function on X and let pq eY he such that if{pf) = 
max-^; then if is constant on the leaf which passes through pq, but 

then, by density, it is constant on Y. Therefore Y ^E^. □ 

4. Propagation of compact complex curves 

We observe the following fact. If y : IT —)■ M is a nonconstant pluri¬ 
harmonic function on a complex surface W such that the level set 
S = {p eW ■. xip) = 0} is nonempty, compact and connected. Then 
Y := S' n Crt(y) is a complex, compact analytic subset. Indeed, we 
know that T is a compact real analytic subset. Suppose that it is pos¬ 
itive dimensional at some point x eY and let B an open ball centered 
at x and r : i? — ?• M a pluriharmonic conjugate of x\b- Since X\BnY = 0 
and the points of Y are critical, the function r is constant on each 
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connected component Yq oi B HY and we may assume t\Yq = 0. If 
F : B ^ C denotes the holomorphic function y + ir we then have 
Yo = {peB : dF{p) = 0}. 

Lemma 4.1. Let y: hh —)■ M &e a pluriharmonic function on a complex 
surface W with no critical points in W. Assume that W contains a 
connected compact complex curve C. Then there exist a neighborhood 
V of C and proper holomorphic function G : V ^ C such that C = 
{G = 0}. 

Proof. The restriction of y to C has to be a constant value, say d. 

Choose a good covering of G as in Lemma \T72\ Consider 

X^y., j hxed. Assuming r > 0 small enough so that Vj is contained 
in a topological ball in W, we conclude that y has a pluriharmonic 
conjugate in this ball, and so in Vj, say rj: 1^- —)■ M. Since X\c = c, a 
constant, we conclude that its harmonic conjugate on C fl is locally 
constant. Since C Cl is connected is constant. Subtracting 

the latter constant from rj we obtain a function tj : —>■ M such that 

• Tj is a pluriharmonic conjugate of X|y, ; 

• fcnVj = 0 . 

Consider now two intersecting neighborhoods Vj, 14 and dehne Vq : = 
14' n 14 7^ 0- Since 14 is connected, Tj — t^ = a constant in I 4 and 
so Tj — Tfc = 0 in 14, because = 0 = Tk\Vonc- (Note that 

14 n C 7 ^ 0 if 14 7 ^ 0-) Thus Tj{p) = Tk{p), whenever p G V,- n 14- 
Consequently, the family dehnes a single-valued pluriharmonic 

n 

function t :V ^ M, where V= \jVj, such that F{p) = xip) + *u(p), 

i=i 

p G Id, is holomorphic. 

Therefore, there exists F G 0(V), a non constant holomorphic func¬ 
tion, such that = d. As d is a regular value of x, C is non singular, 
so is a connected component of {F = d}. It follows that there exists 
a neighborhood Id of C such that {F = d} fl Id = G and consequently 
we set G = F — d. □ 

Theorem 4.2. Let X be a weakly complete complex surface, W (Z X 
a domain and y : hh —)■ M 6e a pluriharmonic function. Suppose that a 
regular level of x contains a compact complex curve Then X is proper 
over a (possibly singular) complex curve. 

Proof. Without loss of generality, suppose G connected. In view of 
Lemma 14.11 there is exist a neighborhood Id of C and holomorphic 
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function G : f/ —?• C such that C = {G = 0}. Then the family 
15^0 = {G* = Cj ICI < for some e > 0, consists of compact complex 
curves so, by [TH III.5.B], IJo extends to a family ^ globally dehned on 
X by a holomorphic map <h : X —)■ i?, where R is an open Riemann 
surface. In particular, X admits a non constant holomorphic function. 
In view of [19] , X is holomorphically convex hence proper over a Stein 
space (cfr. [5|). □ 

We have the following fundamental corollary 

Corollary 4.3. Let X be a complex surface, a a real analytic plurisub- 
harmonic exhaustion function, Y a compact connected component of the 
regular level set {a = c}. Assume that Y is Levi flat and contains a 
non closed leaf. Then there exist a pluriharmonic function y : R —)■ M 
on a connected neighbourhood of Y and cq > 0 such that 

a) Vn {a = c} = Y, Y = {x = 0} 

b) the set 

H = {peV:0< xip) < eo} , 

is relatively compact in V, does not contain a critical point of 
a or X, and does not contain any compact complex curve; 

c) if 0 < e < Co, the Levi flat hypersurface {x = e} is foliated by 
dense complex leaves and a is constant on it; 

d) dda A dda = 0 and da f\da f\ dda = 0 on the whole of X; 

e) there is a real analytic function /x : if —)■ R such that 

dda = p.da A da and dfi A da = 0 . 

Proof, a) It follows from Lemma 13.71 
b) By hypothesis, a has no singular point on Y, therefore there exists 
a neighborhood of it where no other singular points for a appear; on 
the other hand, the set Crt(y) of the critical point of y has complex 
analytic structure so y is constant on its connected component. This 
implies that also y has no critical point on Y. Therefore, there exists 
Cq such that the set H does not contain critical points of either a or y. 
Let us consider the open set 

N = {peV : -ei < y(p) < eo} 

with Cl so small that no critical point of a or y is contained in N . 

If iV \ y contains a compact complex curve G, then 
by Theorem 14.21 X is union of compact complex curves. This is 
absurd, as we supposed that Y contained a non-closed complex leaf. 
Therefore, H Q N \ Y does not contain any compact curve. 
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c) Consider the Levi flat level = {x = e}, for 0 < e < eo; by the 
previous point, does not contain complex curves, so by Corollary 
13.81 the leaves of the Levi foliation are dense in Y^. Now, let p* G Y^^ be 
such that max a\Yc = Ci{p*) and consider the leaf F of the Levi foliation 
passing through p*; the function a\F is a plurisubharmonic function 
on F, which is a complex immersed curve, attaining maximum in an 
interior point, hence it is constant on F. But, F being dense in a 
has to be constant on Y^. 

d) Since Y^ is a connected component of {a = A^}) and is Levi flat 
we have on 


( 2 ) 


da Ada A dda = 0 
dda A dda = 0 


But since the connected Levi flat components of level set of a cover 
Nq, the equations ([2]) hold on iVo, a set with non empty interior. In 
view of real analytity of the forms ([ 2 ]) we conclude that the equations([ 2 ]) 
hold on the whole of X. 

e) By part c), a is constant on every level set of y in H, and so there 
is a real-valued function ip : (0, eo) -A M such that a\H = ipo xo- Since 
a and xo are both real analytic and da, dxo do not vanish in H by 
part b), it is clear that p is real analytic and p'{t) 7 ^ 0 in (0, eo). Now, 
by direct computation 

da Ada = (p' o XafdXo A dxo, 


in H, 

dda = {(f” o xofdxo A dxo, 

in H. 

Thus we set p = (p/p')^ o xo, which is constant on the level sets of 
X in iL and therefore on those of a\H as well. Then dp A da = Q in 
H. □ 


We conclude this section with a description of the geometric structure 
of weakly complete surfaces. 

Theorem 4.4. Let X be a weakly complete complex surface and a : 
JY —>■ M a real analytic plurisubharmonic exhaustion function. Then 
three cases can occur: 

1) X is a modification of a Stein space; 

2) X is proper over a (possibly singular) complex curve; 

3) the connected components of the regular levels of a are foliated 
with dense complex curves, i.e. X is of Grauert type. 
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Proof. Let us suppose that there exists a sequence of real numbers 
{cnjneN C M tending to +oo such that 

{a = c„} n = 0 ; 

as is a closed set and the levels of a are compact, for every u G N 
there exists > 0 such that for every c G (c„ — 6n, + Sn) the 

intersection {a = c} fl E^ is empty. 

Let ip he a. minimal plurisubharmonic smooth exhaustion function 
for X] for every n there is e„ > 0 small enough such that 

and then 

{a + en(p = c„} n E^ = 0 . 

The function a + en4> is minimal as well, hence = {a + en4> < 
Cn} is a relatively compact strictly pseudoconvex domain (which we 
can suppose smoothly bounded up to some small perturbation of c^), 
hence it is a modihcation of a Stein surface. Moreover, is Runge 
in X„_|_i, therefore X itself is holomorphically convex and, possessing a 
plurisubharmonic function which is strictly plurisubharmonic at some 
point, it has to be a modification of a Stein space as well: this is the 
case 1 ). 

If such a sequence does not exist, then there is cq G M such that for 
every c > Cq the intersection {a = c} fl E^ is not empty. 

Suppose that there exists Ci > Cq, regular value for a, such that 
there is a connected componet Y of {a = Ci} which does not contain 
compact complex curves and such that R fl E^ 7 ^ 0; we apply Theorem 
13.61 obtaining that Y is Levi flat and by Corollary 14.31 part d), we get 
that da A da A dda = 0 on the whole of X, hence every regular level of 
a is Levi flat and by Lemma 13.71 every such level has a neighbourhood 
where it is given as the zero of a pluriharmonic function Therefore, 
no regular level can contain a compact complex curve, otherwise, by 
Theorem 14.21 every level would, so all the regular levels are Levi flat 
and containing no complact complex curves, hence by Corollary 14.31 
part c), their connected components are foliated with dense complex 
leaves. This is case 3) 

If every regular level {a = c}, for c > Cq, contains a compact complex 
curve, then X contains uncountably many compact complex curves; by 
[T8l Proposition 9 and 7] there exist V a neighbourhood of one of these 
curves and f : V ^ C a holomorphic function which induces on R a 
foliation in compact curves. Applying Theorem 14.21 with V = W and 
A = Re/, after shrinking V, if needed, to avoid critical points for /, 
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we conclude that X is proper over a non-compact (possibly singular) 
complex curve, which is case 2). □ 

It is easy to show that in case 1), is a (at most) countable union of 
compact complex curves (the exceptional divisor of the modihcation), 
whereas in case 2) and 3) it is obvious that = X. We note that 
we can tell apart these two cases quite easily by looking at global 
holomorphic functions: in case 3), 0{X) = C, wherease in case 2) 
there always exist global non-constant holomorphic functions. 

Corollary 4.5. Let X be a weakly complete 2-dimensional normal com¬ 
plex space and a: X —)■ M a real analytic plurisubharmonic exhaustion 
function. Then three cases can occur: 

1) X is a modification of a Stein space; 

2) X is proper over a (possibly singular) complex curve C; 

3) X is of Grauert type. 

Proof. Desingularize X (cfr. [T3]) and apply Theorem 14.41 to the desin- 
gularization. □ 

5. Existence of proper pluriharmonic functions - I 

Trough Sections 5, 6 we assume that X is a Grauert type surface, i.e. 
X satishes conditions of case 3) of Theorem 14.41 
We want to prove the following 

Theorem 5.1. Let X be a Grauert type surface with a real analytic 
plurisubharmonic exhaustion function a. In particular = X and 

da A da A dda = dda A dda = 0. 

//dimRCrt(Q:) < 2, let Z be the absolute minimum set of a, then 

1) Z is the union of finitely many complex curves; 

2) there exists an increasing convex function X such that y = A o 
{c(\x\z) is pluriharmonic and proper. 

From the existence of y immediately follows that 

Corollary 5.2. The function a does not have local minimum points 
other then absolute minimum ones. The level sets of a, except absolute 
minimum ones, have pure dimension 3. 

In the remainder of this section we prove some auxiliary lemmas. 

Lemma 5.3. . Let W be a complex surface, and /5 : IE —)■ M a real 
analytic function, such that 

d/3 Adfi A ddfi = 0, dd/3 A dd(3 = 0 
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in W. Then there are a real analytie funetion jj, ■. W \ Crt(/9) —)■ R, 
such that 

ddp = fidp A Bp 

inW\ Crt(/9). 

Proof. Observe that we do not assume that P is plurisubharmonic. 
The real-analiticity property of fi is obviuos, once we establish the 
elementary fact that for every p such that dp{p) ^ 0 there is /i(p) G R 
satisfying 

ddp{p) = fi{p){dP A dp){p). 

We sketch the details. Point p is hxed. If w are any complex local 
coordinates near p, the complex Hessian of P can be diagonalized by a 
linear change of coordinates z, w into some 2 :, w, so that 

ddP{p) = a{dz A dz){p) + c{dw A dw){p), 

with a, c are real. We have 

0 = {dBp A ddp){p) = ac{dz Adz A dw A dw){p), 

dp{p) = [rdz + sdw){p),r, s E C, (r, s) 7 ^ (0, 0), 

0 = (dBp A BBp)(p) = (rfc + ssa)(dz Adz A dw A dw){p), 

so ac = 0 and (rfc + ssa) = 0 . 

If a = 0, 6 7 ^ 0 then rfc = 0, r = 0. Thus 

dp A dP)(p) = s‘^(dw A dw)(p), s 7 ^ 0, 

and so: 

(BBp)(p) = c(dw A d'w){p) = p{dP A dp)(p) 
with p,(p) = c/s^. 

The case a 7 ^ 0, c = 0 is completely analogous, with roles of 2 :, w 
being interchanged. 

If a = c = 0, take p,(p) = 0. □ 

Lemma 5.4. Let W he a connected complex surface and : hP —)■ R, 
/i : hP \ Crt(/9) -A R two real analytic functions such that 

1) dim]RCrt(/3) < 2 ; 

2 ) BBp = pBp A Bp, on hP\Crt(/3); 

3) dfi A dp = 0 on W Crt(/9); 

4) p(W) = P(W \CTt(P)). 

Then there is a nonconstant pluriharmonic function y : hP —)■ R and a 
real analytic function 9 : P(W) -A R such that 

i) 9'(t) > 0 fort E P(W); 

ii) X = ° P (o^nd so dx A dp = 0 in W); 



WEAKLY COMPLETE COMPLEX SURFACES 


19 


iii) any pluriharmonic function x* : —>■ R such that dx*Ad/9 = 0 

on W, must be of the form x* = + Ci, where c, Ci are real 

constants. 

Proof. The following is well known. 

Assertion 1. li dp A d/S = 0 in Wo = hh \ Crt(/9), then p is constant 
on each connected component of every level set of (d. 

Assertion 2. If Crt(/9) has topological dimension < 2, then there is 
a real analytic function m : (diWo) —t M such that p{p) = m{/3{p)), 
p G Wq. If, in addition, /d does not have local minimum or local 
maximum points in W, then (d{W) = (d{Wo) and dd(d = {mo(d)d(d Ad(d 
in W. 

Observe hrst, that since Wq does not contain critical points, and since 
it is connected due to the fact that dim® (Crt(/5)) < 2, ld{Wo) is an open 
(perharps unbounded) interval, say ld{Wo) = (a, &) C (—cx),+cxd). Fix 
a point po G IFo. Consider the family of open intervals X C (a, h) 
such that there is a real analytic function mx ; X —)■ M satisfying 
° /9|iUi = P\Wn where Wx is the connected open component of 
the open set {p G IFo : /9(p) G X} that contains po. It is evident 
that for hxed X function mx is unique, and so if Xi C X 2 C (a, h) then 
mx 2 \x^ = mij. Hence, by Zorn Lemma, there is a maximal interval with 
this property, assuming that there is any nonempty interval. Denote it 
by X*(a*, b* and X*{b*, b*) = 0 where b* = (d{po) if no interval X exists. 

We claim that {a*,b*) = {a,b). Suppose not and assume, without 
loss of generality, that b* < b. (The case a* > a is analogous). (This 
also covers the case when a* = b*, X* = 0.) Choose a point p* E {/d = 
b*} n Wx n Wo, in particular p* G hw^Wx (the boundary of Wx in Wo). 
In case X* = 0, we choose p* = po- 

Since d/d{p*) 7 ^ 0, we can select a local (real) coordinate system at 
p*, say {Xi{p), X 2 {p), X 3 {p), X 4 ^{p)) on a neighbourhood No such that 
Xi(p) = /d{p) and Xi{p*) = X 2 {p*) = Xo{p*) = Xi{p*) = 0. We can 
select an e > 0 and a smaller neighbourhood N, p* E N <Z No, such 
that 

{{X,{p),X 2 {p),Xo{p),X,{p))--P^N} = {h*-e,h* + e) x (-e,e)3. 

Since {/d = t} O N = {t} x (—e, e)^ is connected, and dp A dfd = 0, 
we obtain by Assertion 1 that p\{/ 3 =t}nN is constant and so p\{i 3 =t}nN = 
m^{f). Since, in these coordinates me{f) = p{t, 0, 0, 0), we obtain m^ is 
analytic on {h* — e,h* + e) and rrie o 

In case X* = 0 and a* = b*, p* = po thus yelds a nonempty interval 
X* = {b* — e,b* + e). Since m^ o jd = p on N, and o / 3 , p are 
analytic functions, the identity must hold on W(^b*-e,b*+e) as well. In 
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case a* < b* we obtain mj n = (b* — e, b* + e) x (—e, e)^ (using 
the local coordinate system), and so rriiit) = /i(t, 0,0,0) = m^{t) for 
t G X*n(6*—e, b*+e) = {b* — e, b*). Thus mx* and define consistently 
a real analytic function, call it mx^ : Xi —)• M, where Xi = (a*, b* + e). 
Since mXi o I3\wx = hivcn and both mXi and fi are defined and real 
analytic in that contains Wx-, we obtain mXi o = /i in Wx^- 

We conclude that X* = (a, b). Since W(^a,h) = hfo, we have fi = mo (3 
in Wq, the first of the Assertion 2 . 

Furthermore, if /5(hF) = (3{Wq), mo/3 is defined and real analytic in 
VF, and since 55/3 = {mo /3)5/3 A 5/3 in Wq as already shown, the same 
identity must hold in W (just by continuity). 

This completes the proof of Assertion 2 . 

By Assertion 2, any (pluriharmonic) function y* : PF —)■ M such 
that dx* A (3/3 = 0 in PF must be of the form y* = 6^1 o /3, 9i real 
analytic on /3(PF). We look now for a condition for 6i so that o /3 be 
pluriharmonic. 


0 = 55(010/3) = (0" o/3)5/3 A 5/3 + (0( o/3)5 A 5/3 = 

= (0j' o /3)5/3 A 5/3 + (0( o /3)5 A 5/3 

i.e. [(0j' O /3)(p) + (m O /3)(p)0j(/3(p))] (5/3 A 5/3)(p) = 0. 

Since (5/3)(p) 7 ^ 0 for p G PF\Crt(/3) = PFq, we obtain the condition 
for t = /3{p), 

(3) 0"(f) + m{t)6[{t) = 0 . 


Since 


{t = /3{p), p G PF \ Crt(/3)} = /3(PF) = (a, b) 


we have to solve ([3]) on (a, b). Applying standard techniques we obtain, 
hxing a point to ^ («) ^) 



Choosing as 0 solution with c = 1 and ci = 0 we have evidently 9'{t) > 0 
on (a, 6 ), X = 0 o /3 satisfies dx A d/3 = 0 and is pluriharmonic, and any 
other pluriharmonic solution x* satisfying dx* A (3/3 = 0, is equal to 


;)(;* = 0^ O /3 = (C0 + Cl) O /3 = CX + Cl, 


as required. 


□ 


Lemma 5.5. Let X be a complex surface, a a real analytic plurisub- 
harmonic exhaustion function. Let U <Z X be a domain such that 
dimRCrt(Q;) Pi f/ < 2. If a\u has an absolute minimum value Aq, let 
Zq = {p E U : a{p) = Ao} (otherwise Zq = 0), then 

i) a does not have local minimum points on U \ Zq; 
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ii) 

iii) 


there is a proper pluriharmonic function x : f/ \ Zq —?• M such 
that a = A o X for some increasing convex function X; 
z/Zo^0 


lim 

U3p^Zo 


x{p) 


—oo. 


Proof. Let W = U \ Zq and Wq = U \ Crt(a). Of course diniR Zq < 2 
and Zois real analytic. Thus, U being connected and diniR U = 4, Zq 
cannot separate U and Crt(a) cannot separate hh, so W and and Wq 
are connected; it follows that 


(4) a(lLo) = (y{W) = (Aq, A*) where A* < +cxd . 

(Indeed, the only possible values in a{W) \ a(Wo) could be one of 
the local minimum values but since afWo) is a connected interval and 
inf a(Wo) = inf a(W) = Aq, we have equality.) 

Let y be a connected component of {a = c} intersecting In 
view of Theorem 13.61 Y is Levi flat so, by Lemma 13.71 it is the zero set 
of a pluriharmonic function near Y so the fundamental Corollary 14.31 
applies. Then, saving the same notations VdY,x'-V^'^, N(ZV, 
by part d) 

dda A dda = 0, da A da A dda = 0 

and hence, by Lemma 15.31 there is a real analytic function fi : Wq -A M 
such that 


(5) dda = p.da A da . 

By part e) of Corollary 14.31 dp. A da = 0 in N. But then by real 
analyticity. 


(6) dp A da = 0 in X \ Crt(a) . 

In view of (jl]), ([5]), (|6]), function a and sets W, Wq satsfy all the 
conditions of Lemma 15.41 with ft = a and so there exist real analytic 
functions 6 : (Aq, A*) —)■ M, such that O'ft) > 0, for allf,x = ^°Q^- 
IT —)■ M is pluriharmonic, i.e. x = 

Let now A = 6~^ : x(^) M. Of course, A is real analytic, X'{f) > 
0 and a = A o x in W. Since dda = (A" o Xo)^X -A dx, and a is 
plurisubharmonic, X" > 0, i.e. A is convex.This shows ii). 

Observe now that, since x is pluriharmonic on W (by definition), x 
does not have any local minimum points in W, and since a = A o x, 
A strictly increasing, also a cannot have any local minimum points in 
W. 
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The set xiW) is an open interval, say xiW) = (co,c*), with cq > 
—oo, c* < +00. Since a{p) —)■ 0 as p —)■ Zq, and y = 6^ o a, we obtain 


(7) 


liin xip) = Co • 




We prove now that Cq = — cxd. Suppose , to the contrary, that Cq > — oo; 
we will show that Zq is empty. Consider any regular point p E Zq and 
its neighbourhood V with complex coordinates z, w. Without loss of 
generality, V C C^. Then p is either an isolated point, or Tp{Zo), the 
tangent space, is a line or a plane in C^. Whatever of these three cases 
may be, there is a complex line L through p transversal to Tp(Zo), 
hence p is an isolated point of L fl Zq fl C. The pluriharmonic function 
A restricted to L fl Zq fl C is a bounded harmonic function with as 
its isolated singular point and so extends to a harmonic function x • 
Ln{|(z, w)—p\^ < 5} — )• M,which must have value cq at p, by ([7]), and so 
a strict minimum there (as p is an isolated point of Zq = {a = miner}). 
This is a contradiction. Thus cq = —exo, which proves iii). □ 

Proof of Theorem I5.il The existence of y follows from Lemma 15.51 ap¬ 
plied to U = X. The absolute minimum set Z of a is a compact 
complex pluripolar set in X dehned by the plurisubharmonic function 



(i.e. Z = {fj = —cx)}). Since, in addition, Z is compact and real 
analytic from Lemma im fsee Appendix), it follows that Z is the union 
of hnitely many compact complex curves. Theorem 15.11 is completely 


proved. 


□ 


6. Existence of proper pluriharmonic functions - II 

In this section, we prove the last part of the Structure Theorem, namely 
the following 

Theorem 6.1. Let X be a Grauert type surface and a : W —)• M a 
real analytic plurisubharmonic exhaustion. Assume that dimRCrt(a) = 
3. Then either there is a proper pluriharmonic function y : X —)■ M, or 
there is a double holomorphic covering map tt : X* —)■ X and a proper 
pluriharmonic function x* '■ X* —)■ M. 

In order to present the proof of this result, we need a careful anal¬ 
ysis of the critical level sets of a, to which is devoted the reminder of 
this section. All the results before the proof of Theorem 16.11 assume 
implicitly its hypotheses. 
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6.1. Geometrical structure of the set of critical points of a. The 

critical set Crt(Q!) is a real-analytic subset of X, and so, its regular part 
is dense in it ([H]). The regular part is the union of (at most) countably 
many pairwise disjoint locally closed real-analytic submanifols of X. 

Denote by the collection of 3-dimensional components of 

the regular part of Crt(a) and, for each i G /, let ^4® G M be the value 
of a on M®; we set 

M = IJm* . 

i&I 

Since we assume that dimKCrt(Q!) = 3, M 7^ 0. 

Proposition 6.2. Let U be a connected component of X \ M, then 

1) U is open 

2) if M® n bD ^ 0, then M® ^ hU 

3) a|bt/ is constant and equal to min^a. 

Proof. We note that, a being proper, is a locally hnite family 

of compact sets, hence their union M is a closed subset of X. Thus 1) 
follows. 

To prove 2), we remark that each M® is relatively open in Crt(a), 
so M® n = 0 whenever i ^ j] moreover, for each i ^ I, there exists 
an open set P® ^ X such that M fl P® = M® and W \ M® has at most 
2 connected components. Up to shrinking the open sets U®, we can 
assume that U® n = 0 if z 7^ j; therefore 

U® n M = M® and U® \ M® g X \ M . 

If, for some i, M® n hU 7^ 0, then U® n U 7^ 0; therefore there exists a 
connected component Vf of U® \ M* which is contained, by connected¬ 
ness, in U. Since the boundary of Vf contains M®, M® g U. 

We now show 3). Let 

A = nun a . 
u 

Now, suppose that there exists a face M* of U such that A® > A. By 
Theorem l5.5l there exsits a real-analytic concave function 6 : {A, A*) 

M, with A* = sup^a G (A,-|-oo], such that y := 6* o (a|t/\Min(a)) is a 
pluriharmonic function in f/ \ Min (a). 

By the previous part of this proof, at least one component Vf of 
U® \ M® intersects U; let TT be a connected component of Vg \ {a = A®}. 
If a\H < W, by Hopf Lemma [25l Lemma 3.8], bH fl M = 0, but this 
cannot happen for all the connected components of Vg \ {« = A®}, as 
bVf n M® 7^ 0. Therefore we have that a\H > A"^ for some H, hence 
A* > A\ 
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Let c = then x\vl > c and xIm^ = c. By Lemma 17^ there 

exist a domain V ^ M* and a pluriharmonic function y : —)■ M 
extending y. We can assume, without loss of generality, that Id is a 
connected open subset of {a: G X a{x) > A} 

Consider now the function a = o x '■ V —)■ M; such a function 
is real-analytic and coincides with a on the non-empty open set V^, 
therefore they are equal on V, by connectedness. 

Since x\vl > C dx{x) 7^ 0 for x G M\ but then 

da{x) = {6~^y {x)dx{x) 7^ 0 , 

as 6~^ is increasing. 

This contraddicts the fact that M* ^ Crt(Q;). Therefore, A^ = A. 

□ 

We call any connected component 1/ of X \ M a cell, and any M* a 
face. If M* C U, we call M* a face of U. To every face M* we associate 
an open neighbourhood W, as described in the proof of Proposition 
16.21 __ 

We note that, for every cell f/, 17 fl M 7^ 0, otherwise U = U, i.e. 
17 = X by connectedness. 

If M* is a face of U and C* \ M® ^ U, we call M* an internal face of 
U and set 

IT® = 17 U MX 

Such W® is again an open set, as IT® = 17 U T®, and it is uniquely 
determined by M®, as T® \ M® can be contained in a unique cell. 

On the other hand, if T® \ M® = and Vf X 17, T! X U' with 

U X U', we say that M® is a connecting face between U and U' and we 
set 

IT® = 17 U M® U f/' . 

Again, IT® = 17 U T® U 17', so it is an open set and it is uniquely 
determined by M®. 

Theorem 6.3. M = {x G X : a(x) = minx «} 

Proof. By part 3) of Proposition 16.21 a is constant on bll for every cell 

U. 

Let A be the smallest element of the set {A®}jg7. By properness, 
there is a hnite number of faces contained in {a = A}; let us change 
the indexing so that these faces are M^,..., . 

We set 

IT = IJ IT® = X \ IJ \ M®) 

iel i€l 
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and we remark that, being the family of compact sets {M* \ 
locally finite, W is open in X and, as dim(M* \ M*) < 2 (as a semi- 
analytic set), IV is also connected. 

We can also write 

pp = IJ M* U (X \ M) . 
iei 

Now, define if ^ W as 

H :=W^U ...UW^ . 


It is clear that if is open in W ; moreover, 

H ={M^U...U M^) U ifo 

where ifo is a union of finitely many cells U, all such that a\bu = A. 

Obviously, the relative boundary of such a cell [/ in PP is contained 
in ilf^U.. .UM^ and the closure of ifo in PP is if. Therefore, if is both 
closed and open in PP and, since W is connected, if = W. Therefore, 
aljvfi = A for every i e i; by continuity we have that a is constant on 
M. _ 

Now, let 17 be a cell. Suppose {a = A} intersects U, and let Y 
be a connected component of {a = A} such that Y D U ^ 0. Since 
Y C Crt(a) and dimK(F \ < 2, we have dimiuF fl 17 < 2. 

Applying Lemma 15.51 to the domain 17, we obtain the existence of a 
pluriharmonic function x '■ U \ Y —)■ M, of the form y = A o (Q!|i7\y), 
with A an increasing convex function, such that 


In particular 


lim xix) = —oo . 
x^unY ^ ^ 


( 8 ) 


lim A(i) = —oo . 


Let M be a face adiacent to U and q ^ M a point. Choose a connected 
open neighborhood H of q such that H \ M has two connected com¬ 
ponents, at least one of them, denoted by if"*", contained in U. Define 
now function yi : if —)■ [—oo, -poo) by 


Xi{x) 


X{.x) X G 
—oo X G if \ . 


Then 


lim Yifx) = lim Xoaix) = lim Xit) = —oo , 

by dH]). Thus Xi is plurisubharmonic in H and equal to —oo in if \if+, 
a set with non-empty interior, which is a contradiction. 
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Therefore {a = A} = 0. 


□ 


We immediately obtain the following 

Corollary 6.4. There are only finitely many faces and finitely many 
cells. 

Proof. The faces are the 3-dimensional components of the regnlar part 
of which are hnitely many, as a is proper. Moreover, every face 

may belong to at most two cells, so also the cells are hnitely many. □ 

6.2. Construction of pluriharmonic functions on W. Without 
loss of generality, we suppose that the value of a on M is 0. Let U be 
a cell. Due to the standing assumptions, da Ada A dda = 0 in f/, and 
so, by Lemma 1531 there is a real analytic function pi : f/ \ Crt(Q!) —)■ M 
such that dda = fiidaAda in U\CTt{a). Clearly, part e) of Corollary 
14.31 applies in the present situation so: dpi A do = 0 in f/ \ Crt(a). 

Proposition 6.5. Let M* be a face of the cell U and consider, for 
a point p G M\ a neighbourhood Vp containing p such that Vp \ M* 
has exactly two connected components, denoted by V^f' and V~. Then 
there exist an integer k, a pluriharmonic function y : 1^ —)■ M and a 
real-analytic, strictly increasing function X : x(V^) —)■ M such that 


a{x) = {Xox{x)f’‘ 


for every x G Vp. 

Proof. Set Mp = fl M. By Proposition 17.31 there exists /c G N such 
that a is hat of order 2/c — 1 on Mp \ Tp where Tp is a real analytic 
subset of Mp, dimTp < 2. By Proposition 17.41 the function 



is a real analytic function on Vp\Tp, without critical points on Mp\Tp, 
on \ Mp, the critical points of (3 are the same as those of a, so 
dim(Crt(/?)) < 2. 

Let Wp = \ Tp] since ft = outside Mp, direct computation 

shows that df A df A ddf = 0 and ddf A ddf = 0 on 1/+ U V~ and 
hence, by analyticity, on Wp. By Lemma 15.31 there is a real analytic 
function Pp : ITp \ Crt(/5) —)■ M such that ddf = p^pdf A df. 

We have, by direct computation. 
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and since d/ii Ada = 0 in t/, d/ip A d/3 = 0 in hence in hhp\Crt(/3) 

by analyticity. 

We are now in the position to apply Lemma 15.41 there exists a 
real analytic fnnction 6 : /3(hLp) M, strictly increasing on the open 
interval l3{Wp) and snch that x ^ ° is plnriharmonic on Wp, with 
dy A d/3 = 0 in Wp and so dy A da = 0 on Wp. 

As 0 G /3(hLp) and lim 3 ;^Tp /3(a^) = 0, we extend y by continnity to 
y : 1^ —)• R, which is plnriharmonic on Wp = Vp\Tp. By Lemma 1731 
y is indeed plnriharmonic on Vp. 

We obtain the thesis by setting A = 6~^. □ 


We thns constrncted a plnriharmonic fnnction on 1^; np to now, snch 
a fnnction is not nniqnely determined by onr constrnction. In fact, we 
have two “degrees of freedom”, the choice of and V~ and the choice 
of the fnnction 9. 

The latter issne is solved by Lemma 15/41 hi), where it is proved that, 
once we choose snch a fnnction 9, any other possible fnnction is of the 
form a9 + 6; therefore, we can £x a particnlar 9q by reqniring that 
9o(0) = 0 and 6 *q( 0) = 1 (as 0 G f3{Wp)). The plnriharmonic fnnction y 
constrncted on Vp with this normalized fnnction 9q is denoted by Xp- 
The following resnlt is immediate. 


Corollary 6.6. Let M* he a face of the cell U and consider, for a point 
p G M*, a neighbourhood Vp containing p such that Vp\M^ has exactly 
two connected components, denoted by 14+ and V~. Then there exists a 
unigue plnriharmonic function yp : V), —)■ R, positive in V^ , such that 


lim 


{xp{x)r 

a{x) 


1 


where 2k — 1 is the order of flatness of a along M* n Vp. 


On the other hand, the sign issne cannot be satisfactorily solved, 
particnlarly if we take into account that some face could be internal. 
Therefore, for every point p G M*, we associate a pair of germs of 
plnriharmonic functions {{Xpi^p)i {.~Xpi^p)}) since an exchange be¬ 
tween Vp and V~ will only produce a change in the sign of (3 and 
hence of yp. 

This is indeed a well dehned germ on every point of M*: by Corollary 
16.61 if we take another neighbourhood 14' of p, different from Vp, but 
still such that 14'\M* has two connected components, the pair of germs 
we obtain in the end of the construction will be the same, i.e. we will 
have {(Xp, 14^'), (-y(„ Vp)} with Xp = ±Xp on 14p n 14^'. 
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Proposition 6.7. The function a has the same order of flatness along 
all the faces, including internal ones. 

Proof. Let M* be a connecting face between the cells and U~. For 
any p G M\ we can take Vp = hF®, because dimR(iy® n Crt(/3)) < 2 
and fliWfl = /S(PF® \ Crt(/3)) (as (3 does not have absolute maximum 
or minimum points in fF®); therefore, we can apply Lemma [5.41 to the 
domain IF* and the function fl. 

By Corollary 16.61 we have a pluriharmonic function y® := Xpi canon¬ 
ical up to sign, such that there exists a strictly increasing function 
A := 9~^ so that 

(9) a{x) = {\oxT{x) 

for X G IF®. We also ask that x* > 0 on U~^ and y* < 0 on f/“. 

We note that, as a\bwi = 0, also x\bW‘ = 0- Now, let ^ 61F® be a 
face; as x* > 0 on U~^ and x* < 0 on U~, by Hopf Lemma [25l Lemma 
3.8], we have that dx*(a^) 7 ^ 0 for x G ML From Equation ([9]), it 
follows that the the order of flatness of a on is 2k — 1 , for every 
adiacent to either or U~. 

Now, the set 

H' = H \ {internal faces} 

is open and connected, because every internal face is contained in the 
closure of a unique cell. Obviously every open set IF® is connected and 

H' = IJ W\ 

connecting 

so, for every two cells and f/^ there exists a chain 1F®L ■ ■ ■, IF®"*, 
with 1F®'‘ n lF®'‘+i 7 ^ 0 for h = 1,..., m — 1, connecting them inside H'. 
The order of flatness of a on the faces in blF®^ (internal or connecting) 
will be the same as the order of flatness of a on the faces of 61F®^ 
(internal or connecting), because there are connecting faces belonging 
to both, and so on, proving our thesis. □ 

Corollary 6.8. Let U he a cell and M® a connecting face between the 
cells U and U'. For any face of U and any p G Mfl let Vp be 
a neighbourhood of p such that Vp \ has exactly two components. 
Then the pairs {(x\ tF®), (—x*, IF®)} and {{Xp^^p) i {.~Xpi^p)} induce 
the same germs in every g G V}, fl IF®. 


Proof. This is a simple consequence of Corollary 16.61 once we know, 
from Proposition 16.71 that the order of flatness of a is the same along 
every face. □ 






WEAKLY COMPLETE COMPLEX SURFACES 


29 


Up to this point, we have given an open cover of W, constituted by 
the open sets fU* corresponding to connecting faces and by the open sets 
Vp, for p E M\ as ranges among internal faces; on each of these 
open sets, we have constructed an unordered pair of pluriharmonic 
functions, which differ just for the sign, i.e. of the form iy. 

On the intersection of two such open sets, the pairs coincide, i.e. 
their restrictions to the intersection give the same pair of pluriharmonic 
functions; therefore, we may also describe what we have obtained so far 
as a subsheaf X of the sheaf of pluriharmonic functions on fU, whose 
stalk at any point of W is made exactly of two germs, which differ just 
for the sign. 

6.3. Extension to critical components of lower dimension. We 

dehne the set 

^ := X \ lU = 1J(M* \ M^) , 

i£l 

consisting of the singular points of M. 

Remark 6.1. S is of real dimension 2 or lower. Given p E S and 
a neighbourhood V of it, if y G r(U fl hU, X), then there is a unique 
continuous extension of y to y : U —)■ R, obtained by setting x\srw = 0. 
By Lemma 17.51 y is then pluriharmonic on V. 

Moreover, if r(UnlU, X) ^ 0, then it necessarily has two elements, of 
opposite sign, both extending to pluriharmonic functions on V. There¬ 
fore, in order to extend our subsheaf X to the whole of X, we only need 
to show that for any point p E S there is a neighbourhood V such that 
T{W n U, X) ^ 0. 

The existence of sections depends prima facie on the topological 
properties of U \ S' and of the combinatorial properties of the open 
cover of it given by the sets fU* and Vp dehned above, where we have 
sections. The combinatorics of such cover is ultimately determined by 
the topology of U \ M, which we propose to examine in the next pages. 

To this aim, we employ the theory of stratihed spaces, devoleped by 
Whitney, Mather, Thom and others in the 60s and 70s (see [T5] for the 
original paper, [iniET] for more detailed explanations); in what follows, 
we will just recall the main concepts and the results we need, avoiding 
many technical, although important, details that the interested reader 
can hnd in [2^. Precise references will be given in the next pages, as 
we state the relevant dehnitions and theorems. 

Definition 6.9 (Dehnition 1.1 in [27]). Let Z he a closed subset of 
a real analytic manifold X. A real analytic stratification of Z is a 
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filtration by closed subsets Z = Zd-i D ■ ■ ■ D Zi D Zq such that 
each difference Zi \ Zj_i is a real analytic submanifold of X and is of 
dimension i, or empty. Each connected component of Zi\Zi_i is called 
a stratum. Thus Z is a disjoint union of strata. 

Many patologies can be found among stratihed spaces. To avoid 
them, at least to some extent, additional conditions are usually required 
to hold, namely the frontier condition and Whitney’s conditions (a) and 
( 6 ). 

The frontier condition asks that, whenever S and T are two strata 
such that S' n T 7 ^ 0, we have S ^ T (cfr [271 Dehnition 1.2]). Whit¬ 
ney’s conditions are more involved and impose some restrictions on the 
behaviour of tangent spaces when going from one stratum to another 
adiacent to it. For the precise statements see m Dehnition 2.1]. 

Definition 6.10. A locally hnite (i.e whose strata are a locally hnite 
family) stratihcation satisfying the frontier condition and Whitney’s 
conditions (a) and ( 6 ) is called a Whitney stratification. 

In 1965, Whitney proved the following (see [271 Theorem 2.1] and 
the references given therein). 

Theorem 6.11. Every real analytic variety admits a Whitney stratifi¬ 
cation whose strata are real analytic manifolds 

In particular, as a Whitney stratihcation is locally hnite, a compact 
analytic variety admits a Whitney stratihcation with a hnite number of 
strata. Whitney’s theorem allows us to apply to real analytic varieties 
the following local topological triviality result for stratihed spaces (see 
[271 Theorem 3.2]). 

Theorem 6.12 (Thom-Mather Tubular Neighbourhood Theorem). 
Let 

Z = Zrf D Zd-i D ■ ■ ■ D Zi D Zo 

be a Whitney stratified subset of a real analytic manifold X. Then for 
every stratum Y and each point yo & Y there is a “tubular” neighbor¬ 
hood G of yo in X, a stratified set (a “link”) L C (a {k — 1)- 
dimensional sphere) and a homeomorphism {of stratified spaces) 

h: {G,GnZ,GnY) ^ {GnY) X (5^c(L), Ok) 

where k = codimRT in X, is the open k-ball, c{L) is the cone on 
the link L with vertex Ok, the center of B^. L is stratified, 


L — Ld-k-i D Ld-k-2 D • ■ ■ D Ti D Lq, 
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induces a stratification of the cone 

c(L) = c{L)d-k-i 3 c{L)d-k -2 D • • • D c(L)i D c(L)o D {Ok] 

{with h{yo) = Ok). 

We also assume, without loss of generality, that G fl F = G fl Zd-k, 
so that, in particular, G intersects only one stratum of Zd-k- 

We apply this theory to the analytic set M; we have a stratihcation 

M = Z^D Z 2 D Zi D Zq 

where S Q Z 2 . As M is compact, the number of strata is hnite. 

Proposition 6.13. Let Y Q Z 2 \Zi be a 2-dimensional stratum which 
is contained in S. For every point p & Y there exists a neighbourhood 
Vp such that 

T{Vp n W, X) ^ 0 . 

Proof. We apply Theorem 16.121 to p ^ Y] we note that, in this case, 
d = 3, k = 2, so L will be a (compact) link in S^, i.e. a hnite number 
m of points. 

The cone over L in is the union of m radii Ti,, Tm, connecting 
the points of L to the origin and dividing in m connected open 
sectors Si,..., Sm, indexed so that Ti, Tj+i C Si, with T^+i = Ti. 

Let G be the neighbourhood given by Theorem 16.121 and h the home- 
omorphism of stratihed spaces; we assume that G fl F = Go is a topo¬ 
logical disc. 

The sets Nj := h~^{Go x Tfi, for j = 1,... ,m, are open connected 
subsets of Z 3 \ Z 2 , i.e. of the faces in M; likewise, Ej := h“^(Go x Sj) 
are open connected subsets of X \ F 3 = X \ M, i.e. of the cells. 

We dehne, for j = 1,..., m, 

Vj = Ej U X,+i U Ej+i , 

where X^+i = Ni and Em+i = Ep, we apply Corollary 16.61 to each Vj, 
with = Ej, obtaining a (unique) pluriharmonic function Xj- 
Obviously, by the uniqueness of Xp we have that 

wlo+i W+ilO'+i ’ 

for each j = 1 ,..., m. 

Therefore, if m is even, xi and (—= —Xm have the same 
sign on Ei, hence coincide. So we can glue together the functions 
for j = 1 ,..., m into a pluriharmonic function 

m 

X:\JVj 

i=i 
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which is obviously a section of X on 

m 

{jVt^wna. 

J=1 

Setting Vp = G proves the thesis. 

In order to end the proof we have to show that m is even. This 
fact is a consequence of the following Sullivan’s Theorem on the local 
Euler characteristic of an analytic variety (cfr. [26| Corollary 2]): a real 
analytic space is locally homeomorphic to the cone over a polyedron 
with even Euler characteristic. 

Indeed, represent the neighborhood GnZ of yo in Z as an open cone 
over some polyhedron K and compute x{^)i fhe Euler characteristic 
of G Z = Go X c(Lo), where Go is topologically a disk. It is 
clear that G fl Z is topologically an open cone with vertex at (j/o, 0) 
over its relative boundary in Z, denoted K. We consider Gq as a 
single (open) triangle [ABG) = A. Then Gq x c(Lo) is the union of m 
prisms A x (O, Pi) ~ A x (0,1) and of a single simplex A{0}, which 
is the common boundary of all prisms (and so belongs to the open set 
Go X c(Lo)). Compute now the Euler characteristic x(A') = Co — Ci + C 2 , 
where c* is the number of ^-dimensional simplexes in K. 


Co = 3m -|- 3 

(vertices (A, Pj), (P, P^), (G, Pj), i = 0,1,..., m-1, and (A, O), (P, O), 
(G,0)). 

We divide each of the 3 side squares of the m-prisms into two sim¬ 
plexes in whatever way so 

Cl = 3m (from the tops of prisms) 

-|- 2 ■ 3 • m (from the non horizontal side square) 

-|- 3 (from the common base) 

= 9m-I-3. 


Finally 

C 2 = m (triangles from the tops of prisms) 

-|- 3 ■ 2 • m (non horizontal, from the side squares) 
-|- 0 (none from the base) 

= 7m 


so 

x{K) = 3m -I- 3 — (9m -|- 3) -|- 7m = m. 

The proof of Proposition 16.131 is now complete. □ 
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Proposition 6.14. The sheaf X extends to the whole X. 

Proof. By Proposition 16.131 and Remark 16.11 we can extend the sheaf 
XtoX\Zi. 

Suppose now that p ^ Zi \ Zq and denote by r the 1-dimensional 
stratum with p & r. By Theorem 16.121 we have a neighbourhood G 
and a homeomorphism h such that h{G \ r) = (G fl r) x \ {O 3 }). 
Therefore, G fl {X \ Zi) = G \ r is simply connected, which is enough 
to say that 

r(Gn(x\Zi),x)^0. 

Therefore, by Remark 16.11 we can extend X on X \ Zq. Let p E Zq 
and consider a topological ball B around p. Obviously, B \ {p} is simply 
connected, hence we can repeat the previous argument and show that 

r(Gn(x\Zo),x) ^0. 

Therefore, we obtain an extension of X to the whole X. □ 

We are now in the position to prove Theorem 16.11 

Proof of Theorem \6.1[ Let the extension of X to X, given by Propo¬ 
sition 16.141 be denoted again by X. Let X* be the total space of 
X, together with the projection vr : X* —>■ X, which sends the germ 
{h)x E Xx to X, for every x E X. 

We give X* the natural complex structure, so that vr is a 2-to-l 
locally trivial holomorphic covering map, open and proper. We define 
the function 

X* : X* ^ R 

by X*{{h)x) = h{x), for {h)x E X^- It is easy to check that y* is a 
proper pluriharmonic function on X*. 

It may happen that X* is disconnected, then each of the two con¬ 
nected components is biholomorphic to X and y* descends to a proper 
pluriharmonic function y : X —)■ R. □ 

Remark 6.2. Together with Theorem 15.11 the previous result proves 
the second part of the Structure Theorem; from the existence of a 
global pluriharmonic function dehning the foliation, we deduce that 
such a foliation is indeed holomorphic. Hence, both case ii and case hi 
of the Structure Theorem are examples of holomorphic foliations; from 
such observation, we can proceed as Brunella did in [3], noticing that 
there are examples of weakly complete surfaces which do not admit 
holomorphic foliations, but for which = X, and concluding that 
such surfaces do not admit real analytic plurisubharmonic exhaustion 
functions. 
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7. Appendix. 

As a consequence of the Hopf Lemma in a weak form (cfr. [25l Lemma 
3.8]) we have the following 

Proposition 7.1. Let W be a complex surface and ft : W ^ M. a real 
analytic plurisubharmonic function. Then every 3-dimensional con¬ 
nected component o/Crt(/3) \ Sing(Crt(/9)) consists of local minimum 
points of ft and so it is contained in M. Crt(/9) \ M is a real analytic 
subset of W and dim® Crt(/5) \ M < 2. 

The following “good covering lemma” is probably well known, so we 
just give a brief idea of the proof. 

Lemma 7.2. Let W be a 2-dimensional complex manifold and C a 
smooth compact complex curve in W. Let U be a neighborhood of C. 
Then there is a finite covering {Vj}f‘ of C by open subsets ofW, such 
that 

m 

i) C C U VS- C U; 

i=i 

ii) every Vj is simply connected; 

ijj) VjP^C is connected for j = 1,2 ,..., m; 

iv) whenever Vj O Bk ^ 0, then fl 14 fl (7 ^ 0 and both sets 
Vj n Vfc 14 ' n Vfc n C are connected, 1 < j, k < m. 

Proof. Being smooth, C possesses a tubular neighbourhood in W which 
is homeomorphic to the product C x A, where A is the unit disc. It 
is now enough to cover C with hnitely many connected, simply con¬ 
nected open sets such that their pairwise intersections are ei¬ 

ther empty or connected, e.g. convex balls for some Riemannian metric 
on C] the desired covering will be the preimage in the tubular neigh¬ 
bourhood of the products {hlj x A}”.,. □ 

7.1. Flatness. Let M be a (7°°-smooth hypersurface in a differentiable 
manifold W and ft a C'^-smooth function defined in a neighbourhood 
of M. We recall that ft is said flat of order N along M in A, if 

i) f\M = C (constant); 

ii) f^(p) = 0, for 1 < fc < A and fy^(p) f 0, for every p E M 
{d/dv normal derivative). 

The normal derivative in question can be taken with respect to any 
Riemannian metric on M, and the property does not depend on the 
choice. If xi,..., are local coordinates on a neighbourhood V of po 
in W chosen in such a way that Xn\vnM = 0, then fd is flat of order 
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N if and only if l3\vnM is constant, = 0, for 1 < /c < iV and 

Proposition 7.3. . Let M he a real analytic hypersurface in a real 
analytic manifold W, and a a real analytic function defined in a neigh¬ 
bourhood of M such that a has local minimum at each point of M. 
Then there is an integer k > 1 and a real analytic subset T C M, such 
that a is flat of order 2k — 1 along M \ T. 

Proof. (Sketch). The fact being essentially local, we can assume with¬ 
out loss of generality that: W is a neighbourhood of zero in 
M = W n {xn = 0}, q ; > c in IT and, since a has local minimum 
at each point of M, that a\M = c, c G M. Developping a in power 
series with respect to Xn we obtain: 

+ OD 

a{x', Xn) = C + '^ ak{x')x’^, 
k=l 

where as{x'), real analytic function of x' = {xi,X2, ■ ■ ■, ..., Xn-i). 

Let N be the smallest k such that ak{x') is not identically 0. Denote 

T = {{x',0)eM:akix') = 0}. 

Then T is a nowhere dense real-analytic subset of M. Observe that 
since a — c > 0 in W, N cannot be odd and so N = 2k, k > 1. It 
follows that a is flat of order 2k — 1 along M. □ 

Proposition 7.4. . Let W be a connected real analytic manifold and 
M a closed real analytic hypersurface. Let /9 : hh —)■ [0, -|-cxd) he a non 
negative real analytic function on W, identically 0 on M and positive 
on W \ M, flat of order {2k — 1) with k > 1, on M \ T, where T 
is a real analytic subset of M, nowhere dense in M. Assume that M 
separates W into two connected open sets W~^ and W~. Let 

{ 0 if X E M \ T 

^(^)i/2fc if X E W'^ 

—f{x)^/‘^^ if X E W~. 

Then j : W \ T ^ M. is a real-analytic function without critical points 
on M \ T. Clearly f = 7 ^^ on hh \ T. 

Proof. Since the function f is well defined everywhere in IT \ T and is, 
obviously, analytic on IT \ M (note the assumption > 0 on IT \ M), 
it is enough to verify its properties at points of M. Since they are local. 
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assume, without loss of generality, the setting and notation of the proof 
of last proposition. That is p G M \ T, M C {xn = 0} C M"", 

+ 00 

I3{x\xn) = ^ = xl^p{x',Xn), 

s=2k 

for a (x', Xn) G Id, a small neighbourhood, where 

H-OO 

p{x',Xn) = '^Xna2k+l{x'). 

1=0 

It is clear that p is analytic and p > 0 in fd (y intersects M), and 
that {(3\v){x) = Xnp{x)^/‘^^. Since p{x) > 0, p{x)^/‘^^ is real analytic. In 
addition, 3(3/dxn{x'y) = p(a:', > 0 . □ 

7.2. Local maximum sets. 

Lemma 7.5. (Removable singularities). Let W he a complex surface 
and A a real analytic subset of dimension < 2. Let y : Rd —)■ M 6e a 
continuous function such that x\w\a is pluriharmonic. 

Then x is pluriharmonic on W. 

Proof. The problem is local so we can assume that W is an open subset 
of C^. We recall that in view of [13] if 77 C IT is a closed subset 
of 2-Hausdorff measure 0 every plurisubharmonic function on IT \ 77 
extends to IT by a (unique) plurisubharmonic function. It follows 
that a continuous function on IT which is pluriharmonic on IT \ 77 is 
pluriharmonic. This fact reduces the proof of Lemma 17.51 to the case 
when A is non-singular of pure dimension 2 : indeed, the singular set S 
of A is a semianalytic subset 2-Hausdorff measure 0 (uni Remark 3.1, 
p. 27]). 

Thus we assume that H is a 2-dimensional connected real analytic 
submanifold of IT. 

Let C be the subset of the complex points of A: C is a real analytic 
subset so either C = H or it is of dimension < 1. In the hrst case A is 
a complex curve hence a pluripolar set so, by [71 Theorem (5.24)] and 
what is preceding we obtain that x is pluriharmonic. In the second one, 
away from a proper, closed real analytic subset iV, H is a totally real 
surface, hence in an open neighbourhood T ofp G 24\iV there exist local 
holomorphic coordinates z = x + iy,w = u + iv such that AnV = {y = 
n = 0}. In the latter, away from a proper, closed real analytic subset 
TV, H is a totally real surface so in an open neighbourhood T C IT of 
p E A \ N exist local holomorphic coordinates z = x + iy,w = u + iv 
such that z{p) = w{p) = 0, AOV = {p = n = 0}. Let p = y"^ + + v. 
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If V is sufficiently small the hypersurface {p = 0} is smooth, contains 
AnV and the domain 1/ fl {p > 0} is simply connected with strongly 
Levi concave boundary. Then X\vr\{p>o} as real part of a holomorphic 
function extends through AAV. Thus x is pluriharmonic onV\N 
whence is pluriharmonic in V since N has 2-Hausdorff measure 0 □ 

Lemma 7.6. (Reflection principle for pluriharmonic functions). Let 
W be domain in a complex surface X and M G W \ W a real analytic 
submanifold of X of dimension 3. Let y : IT —)■ M &e a non constant 
pluriharmonic function. Assume that 

lim x{^) = c G M. 

x—¥M 

x€W 


Then 

a) there exist an open set W containing IT U M and a plurihar¬ 
monic function y : IT —)■ M extending x- 

b) If, in addition, x{x) > c for x G IT, then dx{x) ^ 0 for x E M. 

Proof. Let us prove that M is Levi flat. Fix an open neighborhood 
Lf d X of a point a E M and any local defining function ip for M 
at a (i.e. U O W = {p E U : ip{p) < 0}). Let La and assume, by 
a contradiction, that the Levi form of (p at a is not vanishing when 
restricted to the complex tangent line to M at a i.e. M (lU is either 
strongly pseudoconvex or strongly pseudoconcave at a as boundary of 
W nU. In the hrst case, near a, IT fl T is hlled by a family of 

analytic discs attached to M. Since x\Dc is harmonic in and constant 
on the boundary, it is constant near a and consequently on whole of 
IT, X being analytic: contradiction. The proof in the pseudoncave case 
is similar in view of the fact that then y locally extends through M by 
a pluriharmonic function. This proves that M is Levi flat. 

Since M is real analytic and Levi flat, it is locally biholomorphic to 
a real hyperplane so we may assume tha X is the open ball B = + 

|wp < 1}, z = X + iy,w = u + iv, W = {{z,w) E B : n > 0}. This 
reduces the proof of the lemma to the classical “reflection principle” 
for harmonic functions. In view of [H Theorem 4.12], y extends to a 
harmonic function y : i? —)■ R, which is real analytic and pluriharmonic 
on IT, therefore pluriharmonic on IT. Ths shows part a). 

Part b) is an application of Hopf Lemma [23 Lemma 3.8]. □ 

Lemma 7.7. Let X be a complex surface and Z a compact real analytic 
set of dimension < 2. Suppose that Z has the local maximum property. 
Then Z is the union of finitely many compact complex curves. 
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Proof. The proof is based on the following classical result of Hartogs 
[12] • Let U, V be domains in and Y G U xV he a. closed set, hnitely 
sheeted over U, in the sense that 

i) YnhV = 0 

ii) Y n {{z} X C) is hnite, for every z ^ U. 

Assume that Y is pseudoconcave in U x V. Then F is a complex 
analytic variety in U x V. 

By Hartogs result, it is enough to show that every point p ^ Z 
has a neighborhood W = U x V, which, (with respect to some local 
holomorphic coordinate system at p) satishes i) and ii), X \ Z being 
pseudoconvex (see [23l Theorem 2]). 

If p is any point in a 2-dimensional connected component of the 
regular set of Z, and L is a complex line through p, transversal to the 
2-dimensional (real) tangent plane Tp{Z), then a small neighborhood 
of p in Z will do. 

Consider now another point p & Z, and a complex line L through 
it, in a small coordinate neighborhood W of p. In view of the above, 
ILnZ is the union of several open complex submanifolds and (a priori) 
several real analytic arcs (the latter is actually impossible). Each of 
them (submanifolds or arcs) either intersects L at a discrete countable 
set, or is fully contained in L. The latter is possible only for hnitely 
many L, and so there is L through p and a neighborhood Wq of p such 
that for every complex line L* parallel to L and intersecting ITo, the set 
ZnlTo is finite. It is to show that a smaller neighborhood Wi satisfying 
i) and ii) can be selected, so that Wi fl Z is a complex variety. We omit 
further details. □ 
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